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THE MINIMAL DEGENERATION SINGULARITIES IN THE
AFFINE GRASSMANNIANS
ANTON MALKIN, VIKTOR OSTRIK, AND MAXIM VYBORNOV
Abstract. The minimal degeneration singularities in the affine Grassman-
nians of simple simply-laced algebraic groups are determined to be either
Kleinian singularities of type A, or closures of minimal orbits in nilpotent
cones. The singularities for non-simply-laced types are studied by intersection
cohomology and equivariant Chow group methods.
1. Introduction
1.1. In the early 1980s H. Kraft and C. Procesi [9] classified the minimal degener-
ation singularities in the nilpotent cones of classical Lie algebras stratified by the
adjoint orbits. We say that a pair of strata O,O′ in a variety stratified by orbits
of an algebraic group is a minimal degeneration if O ⊂ O
′
, and if O ⊆ O
′′
⊆ O
′
,
then either O = O′′ or O′′ = O′. The normal singularities of this sort turn out to
be smoothly equivalent to either Kleinian singularities of type A and D, or the clo-
sures of minimal orbits. A similar problem for some flag varieties was more recently
investigated by M. Brion and P. Polo [4].
1.2. In this paper we study the minimal degeneration singularities for the G[[z]]-
orbits in the affine Grassmannians. More precisely, let G be a simple finite dimen-
sional algebraic group over an algebraically closed field k of characteristic 0, and let
GG be the affine Grassmannian of G. Using a Levi subgroup technique we obtain
the following.
Theorem A. If G is of simply-laced type, then all singularities of the minimal
degeneration singularities of G[[z]]-orbits in GG are either Kleinian singularities of
type A or minimal singularities (closures of the minimal nilpotent orbits) of types
corresponding to Dynkin subdiagrams of the Dynkin diagram of G.
1.3. For the non-simply-laced groups the situation is more complicated. In ad-
dition to Kleinian and minimal singularities, we obtain singularities which we call
quasi-minimal. These singularities are studied by the methods of intersection co-
homology [15], and equivariant multiplicities, [11, 3].
1.4. Our studies yield a completely new proof of the following result.
Corollary B. The smooth locus of the closure of a G[[z]]-orbit in GG is precisely
the G[[z]]-orbit itself.
This result is due to S. Evens and I. Mirkovic´, it follows immediately from [5,
Theorem 0.1(b)] which describes the characteristic cycle of the intersection coho-
mology sheaf on the closure of a G[[z]]-orbit.
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1.5. The paper is organized as follows. After introducing our notation and con-
ventions in the Section 2, we prove a “Levi Lemma” dealing with the action of the
loop group of a Levi subgroup of G on GG in the Section 3.
In Section 4 we cite a crucial result of J. Stembrige [22] describing the minimal
degeneration of coweights indexing the G(O)-orbits.
We then apply the Levi Lemma to describe some minimal degeneration singu-
larities and prove Theorem A in the Section 5.
Calculations of intersection cohomology dimensions in the Section 6 give us some
information on the rational smoothness of our singularities.
In Section 7 we study the singularities appearing in the rank 2 cases by methods
of [11, 3].
Finally, we deduce Corollary B in the section 8.
Acknowledgment. We are grateful to A. Braverman, M. Finkelberg, S. Kumar,
I. Mirkovic´, and J. Starr for very useful discussions. The research of A. M. and
M. V. was supported by the NSF Postdoctoral Research Fellowships. The research
of V. O. was partially supported by NSF grant DMS-0098830.
2. Preliminaries
2.1. Notation.
2.1.1. Let G be a simple finite dimensional algebraic group defined over an alge-
braically closed field k of characteristic 0.
Let us fix a Borel subgroup and a maximal torus T ⊂ B ⊂ G. We will introduce
the following notation and conventions:
(2.1.1) P ⊂ G is a paprabolic subgroup containing B.
(2.1.2) LP = P/NP is the Levi quotient of P by its nilpotent radical NP .
(2.1.3) M = [LP , LP ] is the commutant of LP . M is a connected semisimple
group. We will consider M as a subgroup of G.
(2.1.4) I is the set of vertices of the Dynkin diagram associated to G. The
simple roots of the corresponding root system are denoted by αi for
i ∈ I, and the simple coroots by αˇi for i ∈ I.
(2.1.5) QG is the coroot lattice of G and Q
≥0
G is the nonnegative cone in QG.
(2.1.6) ΛG is the coweight lattice of G. The fundamental coweights are denoted
by ωˇi for i ∈ I. The partial order on the set of coweights: µ ≥ λ if and
only if µ− λ ∈ Q≥0G .
2.1.2. From now on we will assume that the parabolic P is associated to a con-
nected Dynkin subdiagram of the Dynkin diagram of G. Then M is a simple group
of type described by this Dynkin subdiagram. We will denote the set of vertices of
the subdiagram by IM . We need some more notation:
(2.1.1) QM ⊆ QG is the coroot lattice of M , and ΛM ⊆ ΛG is the coweight
lattice of M .
(2.1.2) Let λ, µ ∈ ΛG. Then
λ =
∑
i∈I
λiωˇi and µ =
∑
i∈I
µiωˇi.
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We denote:
(2.1.2.1) λM =
∑
i∈IM
λiωˇi and µ =
∑
i∈IM
µiωˇi.
2.2. Affine Grassmanians.
2.2.1. Let O = k[[z]] be the ring of formal power series and K = k((z)) be its
field of fractions. The affine Grassmannian GG is the ind-scheme whose k-points
are given by G(K)/G(O).
We will recall here some facts about affine Grassmannians mostly borrowed from
[1, 2, 6, 12, 20, 17] where we refer the reader for many more details.
2.2.2. The coweight λ ∈ ΛG may be considered as an element of GG via the
identification ΛG = Hom(k
∗, T ) = T (K)/T (O). It is well known that the G(O)-
orbits on GG are indexed by dominant coweights. The notation:
Gλ = G(O) · λ for λ ∈ Λ
+
G .
It is well known that Gλ ⊆ Gµ if and only if λ ≤ µ, and that dimGλ = 〈2ρ, λ〉,
where 2ρ is the sum of positive roots.
2.2.3. Let us consider the group ind-scheme G(k[z−1]), and let L<0G be the kernel
of the mapG(k[z−1])→ G defined by z−1 7→ 0. The following Lemma is well known.
Lemma. Consider λ ∈ Λ+G. The orbit L
<0G · λ is a transverse slice to Gλ at the
point λ. In other words:
(i) L<0G · λ is locally closed in GG.
(ii) The action map G(O) × (L<0G · λ)→ GG is an open embedding.
(iii) For any λ ≤ µ ∈ Λ+G
dim(L<0G · λ) ∩ Gµ = dimGµ− dimGλ .
Proof. (i) is clear. (ii) According to [20, Lemme 2.1] the multiplication morphism
G(O)× L<0G→ G(K) is an open embedding. Then the action morphism G(O)×
(L<0G · λ) → GG is an open embedding and therefore is e´tale. This also proves
(iii). 
Lemma. Let λ ≤ µ be two dominant coweights. The scheme (L<0G · λ) ∩ Gµ is
reduced, irreducible and normal.
Proof. Since (L<0G · λ)∩Gµ is a transverse slice to Gλ, and Gµ is a normal variety
[10, 16, 7, 13], the variety (L<0G · λ) ∩ Gµ is also normal and irreducible. 
2.2.4. We will need one more lemma on the k∗-action. The group k∗ acts on GG
by “loop rotations”
z 7→ sz for s ∈ k∗ .
The following Lemma is lifted from [19].
Lemma. We have:
(i) L<0G · λ ∩ Gµ is k
∗-invariant.
(ii) L ∈ L<0G · λ if and only if lims→∞ L = λ.
2.3. Kleinian and minimal singularities.
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2.3.1. We will think of a Kleinian singularity of type Ap as an invariant theory
quotient
k2 /(Z /(p+ 1))
of the affine space k2 by the cyclic group of order p+ 1, cf. [21, III.6.1].
2.3.2. Let g = LieG be the Lie algebra of our group G. Let αmax be the maximal
root. It is well known that αˇmax is the short dominant coroot. Let vmax ∈ gmax be
a highest weight vector. The conjugacy class Omin = AdG · vmax is the minimal
nilpotent orbit, and its closure
Omin(g) = Omin ⊔ {0}
is called the minimal singularity of type g. We will also index the minimal singular-
ities by the Dynkin diagrams corresponding to g and by small letters corresponding
to capital letters indicating the type of g. For example the minimal singularity of sl3
may be referred to as either Omin(sl3) or Omin( ◦ ◦ ) or minimal singularity
of type a2. For many more details we refer the reader to [8, 9].
2.3.3. Minimal singularities and affine Grassmannians. Let λ = 0 and αˇmax be
the short dominant coroot. We are grateful to I. Mirkovic´ for explaining to us the
following
Lemma. There exists an isomorphism of algebraic varieties.
(L<0G · 0) ∩ Gαˇmax ≃ Omin(g).
Proof. By the construction of [2, Page 182] the variety
Gαˇmax ≃ {0} ⊔ Omin ⊔ P (Omin)
is the disjoint union of 3 G-orbits, where P (Omin) ⊂ P (g) the the projectivization
of Omin. Now the variety (L<0G ·0)∩Gαˇmax is G-invariant, and therefore a union of
G-orbits. Since P (Omin) is k
∗-invariant, closed, and separated from 0, by Lemma
2.2.4 we have
(L<0G · 0) ∩ Gαˇmax ≃ {0} ⊔ Omin = Omin.

3. The Levi Lemma
3.1. Let us consider two dominant coweights λ ≤ µ ∈ Λ+G such that their difference
µ− λ ∈ ΛM is in the coroot lattice of M generated by αˇi for i ∈ IM and therefore
(3.1.0.1) µ− λ = µM − λM ∈ QM ,
where λM , µM are defined in (2.1.2.1)
3.1.1. Since we consider M to be a subgroup of G, the group M(K) acts on the
affine Grassmannian GG.
Lemma. There exists a natural ind-scheme isomorphism
M(K) · λ ≃ GM
given by the map m · λ 7→ m · λM for m ∈ M(K). Moreover, this isomorphism
restricts to the isomorphisms of varieties
GG ⊃ (L
<0M · λ) ∩M(O) · µ ≃ (L<0M · λM ) ∩M(O) · µM ⊂ GM .
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Proof. Indeed, M(K) · λ = M(K)/M(K)λ where M(K)λ is the stabilizer of λ in
M(K). Now
M(K)λ =M(K) ∩ z
λG(O)z−λ
= zλ(z−λM(K)zλ ∩G(O))z−λ
= zλ(M(K) ∩G(O))z−λ
= zλMM(O)z−λM .

3.1.2. We will need another
Lemma. Consider λ ≤ µ ∈ Λ+G with µ− λ ∈ QM . Then
L<0M · λ ∩M(O) · µ = L<0G · λ ∩G(O) · µ ⊂ GG .
Proof. Denote
YM = L
<0M · λ ∩M(O) · µ and YG = L
<0G · λ ∩G(O) · µ.
According to the lemma 2.2.4 both YM and YG are k
∗-invariant and therefore their
closures YM and Y G are also k
∗-invariant. Now due to the equation (3.1.0.1) and
the Lemma 3.1.1 dimYM = dimYG. Thus YM = Y G.
By construction, YM ⊆ YG. Now ∂ YM = YM − YM is closed since YM is locally
closed.
Now, consider a point p ∈ YG− YM ⊂ ∂ YM . According to the Lemma 2.2.4, k
∗-
action retracts p to λ but this is impossible since p is in a closed and k∗-invariant set
∂ YM which does not contain λ. This contradiction shows that YG−YM ∩∂ YM = ∅.
Thus we have a bijective map of normal varieties YM → YG and thus an isomor-
phism. 
Corollary. [Levi Lemma] There exists an isomorphism of algebraic varieties
GM ⊃ L
<0M · λM ∩M(O) · µM = L
<0G · λ ∩G(O) · µ ⊂ GG .
Proof. Follows from Lemma 3.1.1 and Lemma 3.1.2. 
4. Minimal degenerations of coweights
4.1. We will say that a pair λ, µ ∈ Λ+G of dominant coweights is a minimal degen-
eration if
(i) λ < µ,
(ii) if νˇ ∈ Λ+G is such that λ ≤ νˇ ≤ µ then either νˇ = λ or νˇ = µ.
The pair λ, µ which is a minimal degeneration will be denoted as µ λ.
4.2. All minimal degenerations µ  λ are classified by J. Stembridge. We will
say that the support supp(µ− λ) of µ− λ is the Dynkin subdiagram involving all
simple coroots appearing in the decomposition of µ − λ. It is obvious that for a
minimal degeneration supp(µ − λ) is connected. Here is the Stembridge’s list, see
[22, Theorem 2.8]:
Theorem. [22] The pair µ λ is a minimal degeneration if and only if one of the
following holds
(4.2.1) µ− λ is a simple coroot αi, i ∈ I.
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(4.2.2) µ−λ is the short dominant coroot of supp(µ−λ) and λ = 0 on supp(µ−
λ).
(4.2.3) µ − λ is the short dominant coroot of supp(µ − λ); supp(µ − λ) is of
type Cn and λ on supp(µ− λ) is
0 0 · · · 0 ks 1 .
(4.2.4) supp(µ − λ) is of type G2, and λ = ( 2 _*4 0 ), µ = ( 1 _ *4 1 ) on
supp(µ− λ).
(4.2.5) supp(µ − λ) is of type G2, and λ = ( 1 _*4 0 ), µ = ( 0 _ *4 1 ) on
supp(µ− λ).
5. Minimal degenerations of G(O)−orbits and Levi subgroups
5.1. The PGL2 case.
5.1.1. In the PGL2 case the pair λ, µ ∈ Λ
+
G is a minimal degeneration if and only
if µ = (p + 2) ωˇ and λ = p ωˇ, where ωˇ is the fundamental coweight and p ≥ 0. In
this case the Main Theorem of [18] implies the following
Lemma. Let G = PGL2, λ = p ωˇ and µ = (p+ 2) ωˇ. Then the singularity of the
Schubert variety Gµ along Gλ is a Kleinian singularity of type Ap+1. More precisely,
(L<0G · λ) ∩ Gµ ≃ k
2 /(Z /(p+ 2)).
Proof. It is shown in [18] that (L<0G · λ) ∩ Gµ is isomorphic to a transverse slice
to the subregular orbit in the nilpotent cone N ⊂ slp+2. The statement follows by
a celebrated result of Brieskorn and Slodowy [21]. For p = 0 the lemma follows
already from [14]. 
5.2. The proof of Theorem A.
Theorem. Let λ, µ ∈ Λ+G be two dominant coweights, let λ =
∑
i∈I λiωˇi, and let
µ λ be a minimal degeneration. Then
(5.2.1) If µ− λ = αˇi is a simple coroot for i ∈ I, then
(L<0G · λ) ∩ Gµ ≃ k
2 /(Z /(λi + 2)).
In other words, we have a Kleinian singularity of type Aλi+1.
(5.2.2) If µ − λ is the short dominant coroot of of the root system of type
supp(µ− λ) and λ = 0 on supp(µ− λ), then
(L<0G · λ) ∩ Gµ ≃ Omin(supp(µ− λ)),
i.e., we have the minimal singularity of type supp(µ− λ).
Proof. In the case (5.2.1) the Theorem follows from the Levi Lemma (Corollary
3.1.2) and Lemma 5.1.1. In the case (5.2.2) the Theorem follows from the Levi
Lemma (Corollary 3.1.2) and Lemma 2.3.3. In the simply-laced case Theorem A
follows. If G is of type A the theorem follows already from [18]. 
6. Intersection cohomology calculations
6.1. Notation.
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6.1.1. Definition. We will say that a variety X is rationally smooth at the point
x if the stalk of the intersection cohomology complex is 1-dimensional in degree
(− dimX), i.e. IHx(X) = k[dimX ]. We will say that X is rationally smooth if
it is rationally smooth at every point, i.e IH(X) is the constant sheaf shifted by
dimX .
6.1.2. By Lemma 2.2.3, if µ  λ is a minimal degeneration, the variety (L<0G ·
λ) ∩ Gµ is smooth (and rationally smooth) at every point but λ. Let us denote:
mλ(µ, q) =
∑
i
dim IH
i−dim(L<0G·λ)∩Gµ
λ (Gµ) · q
i,
where IHi(Gµ) is the i-th cohomology sheaf of the intersection cohomology complex
of Gµ and IH
i
λ(Gµ) is the stalk of IH
i(Gµ) at the point λ ∈ Gµ. We will also consider
the Euler characteristic
χλ(µ) = mλ(µ, 1).
Clearly, (L<0G · λ) ∩ Gµ is rationally smooth if and only if mλ(µ) = χλ(µ) = 1.
6.1.3. Consider λ and µ as the dominant weights for the Langlands dual group G∨
and let mλ(µ) denote the multiplicity of the weight λ in the simple G
∨−module
with the highest weight µ. According to [15] one has
(6.1.3.1) χλ(µ) = mλ(µ).
6.2. Rational smoothness of minimal degenerations.
6.2.1. Let us study the rational smoothness of the variety (L<0G · λ) ∩ Gµ in the
four cases of the Theorem 4.2 using the formula (6.1.3.1).
Proposition. Let µ λ be a minimal degeneration and
(6.2.1) let µ λ be as in 4.2.1. Then
mλ(µ, q) = 1
and the variety (L<0G · λ) ∩ Gµ is rationally smooth.
(6.2.2) let µ λ be as in 4.2.2 with λ = 0. Then
mλ(µ, q) =


∑n
i=1 q
ei−1, supp(µ− λ) of type ADE,∑n−2
i=0 q
2i, supp(µ− λ) of type Bn,
1, supp(µ− λ) of type Cn,
1 + q4, supp(µ− λ) of type F4,
1, supp(µ− λ) of type G2,
where ei 1 ≤ i ≤ n are the exponents for types ADE. The Euler char-
acteristic χλ(µ) = n, n− 1, 1, n, 6, 7, 8 ,2, 1 for supp(µ − λ) of type
An, Bn, Cn, Dn, E6, E7, E8, F4, G2 respectively. Thus the variety
(L<0G · λ) ∩ Gµ is rationally smooth in the cases Cn and G2.
(6.2.3) let µ λ be as in 4.2.3. Then
mλ(µ, q) =
n−1∑
i=0
qi
and χλ(µ) = n, and the variety (L
<0G ·λ)∩Gµ is not rationally smooth.
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(6.2.4) let G be of type G2 and λ = ( 2 _*4 0 ), and µ = ( 1 _ *4 1 ). Then
mλ(µ, q) = 1 + q
and χλ(µ) = 2 and the variety (L
<0G ·λ)∩Gµ is not rationally smooth.
(6.2.5) let G be of type G2 and λ = ( 1 _ *4 0 ), µ = ( 0 _*4 1 ). Then
mλ(µ, q) = χλ(µ) = 1 and the variety (L
<0G · λ) ∩ Gµ is rationally
smooth.
Proof. First of all we apply the Levi Lemma (Corollary 3.1.2) to reduce the state-
ments to the Levi subgroup associated to supp(µ − λ). Then the formulas are
obtained by the application of the results of [15] such as the formula (6.1.3.1), and
the direct calculations. 
6.3. The quasi-minimal singularities.
6.3.1. Type acn. Let us look again at the case 6.2.3. The singular variety (L
<0G ·
λ) ∩ Gµ has dimension 2n, the same as the minimal singularity of type an, and
moreover, it follows from the Lemma that the polynomials mλ(µ, q) coincide in our
case and the case of the minimal singularity of type an:
mλ(µ, q) = m
an
λ (µ, q) =
n−1∑
i=0
qi.
We will call this singularity arising from the affine Grassmannian of type Cn the
quasi-minimal singularity of type acn. Notice that according to Lemma 5.1.1 the
singularity ac1 is the Kleinian singularity of type A2.
6.3.2. Type ag2. Let us look again at the case 6.2.4. The singular variety (L
<0G ·
λ) ∩ Gµ is 4-dimensional as is the minimal singularity of type a2 and moreover, it
follows from the Lemma that the polynomials mλ(µ, q) coincide in our case and the
case of the minimal singularity of type a2:
mλ(µ, q) = m
a2
λ (µ, q) = 1 + q.
We will call the singularity arising from the affine Grassmannian the quasi-minimal
singularity of type ag2.
6.3.3. Type cg2. Let us look again at the case 6.2.5. The singular variety (L
<0G ·
λ) ∩ Gµ is 4-dimensional as is the minimal singularity of type c2 and moreover
it follows from the Lemma that both our variety and the minimal singularity of
type c2 are rationally smooth (but not smooth, see Section 7). We will call the
singularity arising from the affine Grassmannian the quasi-minimal singularity of
type cg2.
7. Equivariant multiplicities in rank 2
7.1. In this section we will study the rank 2 situation in more detail. Namely, for
a minimal degeneration µ  λ the variety (L<0G · λ) ∩ Gµ is invariant under the
action of torus T ×k∗ and the point λ is fixed by this action. Here T is the maximal
torus of G and k∗ acts by loop rotations. Thus the equivariant multiplicity eλ(µ) of
the variety (L<0G · λ) ∩ Gµ at the point λ (i.e. the localization of the fundamental
class in the (T ×k∗)−equivariant Chow group at the only fixed point λ) is defined,
see e.g. [3]. Recall that eλ(µ) is a rational function on the Lie algebra of the torus
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T ×k∗. In this section we calculate eλ(µ) in all rank 2 cases when the codimension
of degeneration is > 2.
Our calculation is performed as follows. Let Fl denote the affine flag variety of
G and let pi : Fl → G be the canonical projection. The map pi is smooth with all
of its fibers isomorphic to the finite dimensional flag variety G/B. Let Gλ ⊂ Gµ
be a minimal degeneration. Then the singularity pi−1(Gλ) ⊂ pi−1(Gµ) is smoothly
equivalent to the singularity Gλ ⊂ Gµ. Recall that the Schubert varieties in Fl are
labeled by the elements of the (extended) affine Weyl group Waff . Let y ∈ Waff
(respectively w ∈Wa) label the open Schubert variety Xy in Gλ (respectively Gµ).
A formula for calculation of the equivariant multiplicity eyX(w) is given in [3] and
one deduces easily from this a formula for equivariant multiplicity eλ(µ) of the
transversal slice, see [3, page 27] We perform our calculations using this formula
and a computer.
7.2. Kumar’s Criterion. In [11] S. Kumar gave a general criterion for smooth-
ness of Schubert varieties of a general Kac-Moody group in terms of equivariant
multiplicities. In particular, Kumar’s criterion implies that if the variety Gλ ⊂ Gµ
is smooth at λ then
eλ(µ) =
∏
α∈S
α−1,
where S is a certain finite subset of the set of roots. We will see that Kumar’s
criterion and our calculations imply that in all cases considered in this section the
varieties (L<0G · λ) ∩ Gµ are not smooth.
7.3. Notation. In our calculations below we denote the simple roots by αi, i =
0, 1, 2; the simple reflection corresponding to αi is denoted by si; s0 always denotes
the affine simple reflection.
7.4. Type A2.
7.4.1. The affine Weyl goup Waff (A2) of type A2 is described as follows
Waff (A2) = {s0, s1, s2 | (s1s2)
3 = 1, (s0s1)
3 = 1, (s0s2)
3 = 1 }.
There is only one minimal degeneration:
7.4.2. Minimal singularity of type a2. This is a singularity of codimension 4. We
have
w = s1s2s1s0s1s2s1, y = s1s2s1.
The equivariant multiplicity:
eλ(µ) =
2(3α2
0
+6α0 α1 +2α
2
1
+6α0 α2 +5α1 α2 +2α
2
2
)
α0(α0 +α1)(α0 +α2)(α0 +2α1 +α2)(α0 +α1 +2α2)(α0 +2α1 +2α2)
7.5. Type C2.
7.5.1. The affine Weyl group Waff (C2) of type C2 is described as follows
Waff (C2) = {s0, s1, s2 | (s1s2)
4 = 1, (s0s2)
4 = 1, (s0s1)
2 = 1 }.
There are two minimal degenerations:
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7.5.2. Minimal singularity of type c2. 0 +3 1  0 +3 0 This is s singularity
of codimension 4. In this case
w = s2s1s2s1s0s2s1s2, y = s2s1s2s1.
The equivariant multiplicity:
eλ(µ) =
8
α0(α0+2α2)(α0+2α1+2α2)(α0+2α1+4α2)
7.5.3. Quasi-minimal ac2. 1 +3 1  1 +3 0 This is s singularity of codi-
mension 4. In this case
w = s2s1s2s1s0s2s0s1s2s0s2, y = s2s1s2s1s0s2s0.
The equivariant multiplicity:
eλ(µ) =
2(11α2
0
+21α0 α1 +9α
2
1
+43α0 α2 +39α1 α2 +36α
2
2
)
α0(α0 +α1 +α2)(α0 +2α2)(α0 +α1 +3α2)(2α0 +3α1 +4α2)(2α0 +3α1 +6α2)
7.6. Type G2.
7.6.1. The affine Weyl group Waff (G2) of type G2 is described as follows
Waff (G2) = {s0, s1, s2 | (s1s2)
6 = 1, (s0s1)
3 = 1, (s0s2)
2 = 1 }.
There are three minimal degenerations:
7.6.2. Minimal singularity of type g2. 1 _ *4 0  0 _ *4 0 . This is a singular-
ity of codimension 6. We have
w = s2s1s2s1s2s1s0s1s2s1s2s1, y = s2s1s2s1s2s1.
The equivariant multiplicity:
eλ(µ) =
18
α0(α0 +α1)(α0 +α1 +3α2)(α0 +3α1 +3α2)(α0 +3α1 +6α2)(α0 +4α1 +6α2)
7.6.3. Quasi-minimal of type ag2. 1 _*4 1  2 _ *4 0 . This is a singularity
of codimension 4. We have
w = s2s1s2s1s2s1s0s1s2s1s2s0s1s2s1s0s2s1s2s1s2s1,
and
y = s2s1s2s1s2s1s0s1s2s1s2s1s0s1s2s1s2s1.
The equivariant multiplicity:
eλ(µ) =
2(27α2
0
+106α0 α1 +103α
2
1
+159α0 α2 +309α1 α2 +216α
2
2
)
(α0 +α1)(α0 +2α1 +2α2)(α0 +α1 +3α2)(α0 +2α1 +4α2)(3α0 +7α1 +9α2)(3α0 +7α1 +12α2)
7.6.4. Quasi-minimal singularity of type cg2. 0 _*4 1  1 _ *4 0 . This is a
singularity of codimension 4. We have
w = s2s1s2s1s2s1s0s1s2s1s2s0s1s2s1s2, y = s2s1s2s1s2s1s0s1s2s1s2s1.
The equivariant multiplicity:
(7.6.4.1) eλ(µ) =
27
(α0+α1)(α0+α1+3α2)(2α0+5α1+6α2)(2α0+5α1+9α2)
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7.7. Quasi-minimal singularities revisited. Recall that the singularities a2,
ac2, ag2, c2, cg2 have codimension 4. Moreover one observes that the intersec-
tion cohomology of singularities of type a2, ac2, ag2 (and, similarly, of c2 and cg2)
are the same. We conjecture that all these singularities are pairwise smoothly
non-equivalent. One verifies that the equivariant multiplicities eλ(µ) are pairwise
distinct (up to linear changes of coordinates with rational coefficients). This implies
that at least the singularities above are different as singularities with torus action.
Similarly, the singularities of types an and acn have the same codimensions and
intersection cohomology but we conjecture that these singularities are not smoothly
equivalent.
8. Smooth Locus
8.1. Finally we use our results to prove the Evens-Mirkovic´ Theorem (Corollary
B). Let us denote by G
smooth
µ the smooth locus of the Schubert variety Gµ.
Corollary. For any dominant coweight λ ∈ Λ+G we have
G
smooth
µ = Gµ .
Proof. It is enough to check that Gµ is singular along every irreducible component
of the boundary Gµ − Gµ. These irreducible components are precisely Schubert
varieties Gλ for all minimal degenerations µ λ.
Thus we have to check that the minimal degenerations ofG(O)-orbits are singular
for all cases in the Stembridge’s list, see Theorem 4.2.
In the cases 4.2.1 and 4.2.2 it follows from the Theorem 5.2.
In the cases 4.2.3 and 4.2.4 the variety (L<0G · λ) ∩ Gµ is not rationally smooth
by Proposition 6.2.1, and therefore not smooth.
In the case 4.2.5 the variety (L<0G ·λ)∩Gµ is singular by the Kumar’s criterion,
see formula (7.6.4.1). 
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